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Evaluate the following:

1. ” re® cos@isingdrd#, over the upper half of the circle r = 2a cos 6.
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1) Determine the area of the region bounded bv the curves xy =2 4y =x* y=4.

S
(Uptu-2001,2008) Ans—;——‘llng 2

1) Find by double mtegration the area bounded by the pair of axis y =1-x and L J(1-x). Ans= %

Question 3. Determine the area of region bounded by the curves

= 2,y =3, y=4

28
Answer e 4log 2.

(=

Question 4: Find the area inside the cardioid oee
=a(l+ cos@z) and outside the circle r = 2acos®6. 09
AnNS: n a b

2
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Exp ! Evaluale [“ (mmcmecbz , WAL "Iint
R!, bexel, feyen,@8zez  [2015-162800] o

gO[ng JI= gtxio 7 'Szgz(rlvfy-fz) ar Cb.y C"K.
i 8
_ d
&'z = § Yzt ] yd

_S; 'L [(w) *E] (tyd:c

=t
Egoj (145 W 31] du = jo | mgyéﬂm
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log2 px pxty
Example 2 Evaluarej I I

eV dvdyde

0 0 40

log 2

¥ il %Y
Solution, [ = I J e [e} dr dy
0 Jo 0

1]

1

Ilﬂgz
0

X
plog 2 6‘2} log 2 edx Eﬂx
log2 r
R ezx+1 Alogl g EZIogE+ i
o e = - - e
8§ 2 4 0 8 2 4

L FYE ) dedy = Ilggz L [Z{W)—e(x”’)]draj:

_]d
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Volume by Triple integration "Mt

Jslume ¢f. the “Solid R 18 tven oy

Uplume = mf\d% By dy.



Exb: find the volume o the &olia kotwmded llllﬂt
M'Q' g'u})#moe g’ 'x:O 'y=o/ 2'20 <e7’*‘)'§"z: i GROUP OF INSTITUTIONS

b —_—
U LQJ)ID-I‘) ,2.020-21)

Soln1 Vslumo = “{ dxm‘tjdz«
i =27 4 g d
- .{ S S [ d/ 'd (.'x.

=0 750 7=0

= I I (24779 dX
S]:(\ St/.’(\ 0O
N So' “?": Cr=¥-Y) dy A
= [t d
= o [(-’éﬂ)d“%«]o 1
= {1 2y | da
e LY it
A Q’“)% J = L Ang . 0000
s [ =T se°



Expr ¥ind “the volume o©f the Legton
k;eumdea it T Luspealtes Y=aF, a=y?x
£ the planed Z=0 ,z=32 [2019-20])

S:OI"'; Uslium e = Jgf&d’a dt} Az — M
=
= dr dy dx
&7 o \g}u'xh. ‘SZ——D 4

= faes {pinn [F]2dyda=2 ] (9,7 o
JA=D b 10— §
I S' [ I 413](1:1_
b

—

x7 2 )J
O

=3 &(01 2 =2

= { cubic tiw
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Example A triangular prism is formed by planes whose equations are ay = bx, =0 and "I nt
1= . Find the volume of the prism between the plane 2 = 0 and surface 2= ¢+ 1. I

GROUP OF INSTITI.ITIDNS

Sol. Here x vanes from 0 to g

o
{f varies from 0 to -ﬂ~

z varies from 0 to ¢ + Xy
Hence, the volume is

040 S
4 hefa
B g | bex !r:c]
-L[fyw 7| dx r' ﬂld
: 1
3 247 ) 04 ceeo
_ bex +I?Iq _ ba +!H‘.' ﬂ—h!-kfﬂf!l. S
o 8- o &t 8 o000




Practice questions Mict

GROUP OF INSTITUTIONS

(Oues: Evaluate “the Biiple .Q\/\Qea/;qo
{ Jtﬁi JFQSQET
-xo ‘SO jo Zt’dl d'ltﬁadl
[20l6-1%]
Quel Evalualy “& ’l’“al dud@dz Wﬂmahm«&

the, volume lbunded Ly D~ planec

=0, Y=0, Z=0 ‘€ ’(% f’-\—?;'f 'ZC::J

[2016-17
Quet: find the volume of the ZLolid wriarch
4 boanded by Me S rtaces R
00000
2z= A*+Yy> &N BB [&601-12]) eets
000
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Change of variable in
double and triple
Integral




Change of variable in double | [[li0t

GROUP OF INSTITUTIONS

integral =

Lok Hthe double Lt e_cq*s e
= -0 ' 'R I be O hnawnoe A
-t ngﬁﬁu\o'} d = dna £ Y

in the nNoevo Vakiabkler WEV.
QQLQG%GM LN € en v, A Q\d

A= Bruy) L v= Wlyy)

Thom
g = g(&rﬁlly) dx Ay

B “K,’g[c}(w")/ W Ctyv) | 19 lduar —(®

£ oHveun byt

EEE:.
e DY)
where. dway= )T dieawr <€ J= el EEE:
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PO ?olar;:

(howae, 07 vorialoles from (Y

Coo,tdmaj:@il Ch,&) -
Hovo  A=4C080, Y= 2 9N®

MK/rHM\D da CUJ 3 S k ({[&c_@(w, ,g/@z}n@]/ldm

T= B-Q—'X) T A %:&d/zd@ .
D(2,0)




cyp: Evaluate  [(brty)*dudy where R4 bhe mmt
)Lea{m byt daed lo\d the }oO/z,Qﬂelﬁa/LQM ) -
) oud»pﬁmﬂ@_ Wity verk'ced Cho), (311D, (22)
(0,1) /u_qfwa e JEQMA((’M_MCIHM

U= Y , V:'zkld CZO’Q"Q—OJ

SOln', ™e \/Ofcﬁ\Cf’.«@. ACLb), R2(3/1), CSD_/’),) p D({61)
o;ﬁ +Hhe Po)szMU/o- sam ABRCH 'n ay-plane

ALY, R4 ,C04m2) D0

beto me.
i the twv-plane ud Lu;{ma Mg
Umm/fwgm O N A
e YY)
usary =12 tids,
(X X X
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/
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r= UM _ )P B2} 12 L
o (W v) Du DV | = | 3 3 .
DY DY J =
dLL OV 32 3
dad.x()': \’J\\ G)).LCLU e ]‘—L.‘\ audwy = -—_l?—djidl)\/
2 0
dy = = |7] dudy
“K‘('Z*‘J) e HR’ ]
\ 4 4
= > - VL S dv
| St g = gz 2 (_3" 1
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Mmiet

GROUP OF INSTITI.ITIDNS



Miet

— 2 o 1
EXP'. MIL Igp SOQ) e (LY )du d.a ‘ba era“a GROUP OF INSTITUTIONS
t polon. cooxdinakex, hence &hew tihak
(P g% s «f?r = B [2018-19)

0

Co)". (piven regiom O¥ Inkeg- { P

~Sabton 18 J%C cluqdu?qu(

To thomge W nty polyy,
we Nowe

V= 500880 td 2% EKNE. 0, ~1.

dld)t] = /o;_d&_ d@ '

g v (Y2 4 Y
Soo Kr 5 Y )d,dd); & ng € }5 dtde. ceee
. B 5 00000
0000
e
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& Jm 5% 4 3%
Uip
EMZ jw 5% qrde ,where  t=2»2
b b
oD
R ~ Q
3091 lFJZ )o =i
’O 0
—d 5 (asl) 42
0
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=y
ot = |2 eV dx

NG >

Lotween tho Lame! Lamits , wie hawve

I = XCT) é—‘m'}d”ﬂ

O
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R ,go go ¢ < ¢
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Ques3.  [sing the transformation x +y = u, y = uv; show that mlnt

I pl=x )i
J. J eﬂ{x'l'? ) dy dx S (E ot _I) GROUP OF INSTITUTIONS
0 J 2
Sol.  Since x=u(l-v),y=uw
0t ox
e, ) |3, wl |1-v -
J=a(u i§=%; % = b=k = =i=Ul+Ur=4
w W
& dedy=|d | dudv=ududy
Also, x=0 = u(l-v)=0 = u=0v=1
y=0 -, up =0 @ u=00v=10
t+y=1 — gl D
Hence the limits of u are 0 to 1 and the limits of v are 0 to 1,
1 pl-x 1¢l
. yllx+y) _ uviu
. _L-L. e dyd:c-jnjne |J|dudv ooe

1 1
1 (e 1 o0
=LLHE dudu=[2](9]u—2( 1). .



< u.-"l'l:'—!." s .
Example 4, Evaluare L I (x~+ ¥y ) dv dx
; y)a

——
5 "

Solution. Iﬂ J.;.I-I (x* +y°) dv dy

Limits of ¥ =1||2J.'-I: =N };:Exuf = A’z'i'};-zx =

(1) represents a circle whose centre is (1, 0) and radius = 1.

Lower limit of 3 15 0 i.e., x-axis.
Region of integration is upper half circle.
Let us convert (1) into polar co-ordinates by putting
x=rcos 0, y=rsinb
F—_2rcos8 =0 = r=2cost

Limits of » are 0 to 2 cos 8

Limits of 6 are 0 to -%

0 S

}
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toor dirmateld
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Chawn 34\"\0 To po,ﬁ& Y
we have A= 2000 Y= Sy Rinl
< =z

A0 A+ Y= 8 A=

o g(l I,IZ‘J__:J'{

2
: An
o O ‘jl 4 2n’ B &4
- lo 2 & 2R A A8 do.
O
o & 19‘), .»g'j) r?*(‘) . (/5." >0 d@.
b =S I8
< g_\; K'”. /o C COR2.0) do .
<. D T et
ar T e SmaB 22,
. = ~ 00000
= 44
nma 000

0 o0



Change of Varjables In_Taiple n‘rzteafﬁﬂ "Ilnt

” - — ————

d= HJ\; /ftu,k),z) d dydy , (m be Ohmfyf’d

M e V\O./?.!\CUO{G}S Ly, W &V

d'= W , ff[?),(?x‘/,z),t?;(w,z)/ ;ﬁ)(w,zﬂ
YN

17| dtdvdw
whort U= B, (0,2 V= ® (U7
w= 0 (4%
4 T= DLWy
e o



ChOﬂOQ O£ C,Qh}«eﬂﬂdm CE'@W noftes Cxxyv,z) to

gpmww poloks Coprdinate:
J£ we howe = “X fff(l,y,z_) dmydz 0

Thon Do thonde Raove Lmh &?&-QO Ly
g\ohefu‘cw polas  Covy trnated , we how e
A% FNOCOSP 5 Yz% $ING g, 7 =502

poounz) 82000
V& #) |
so  drdydz = 929 O dededf

S0 D sl be

3 Hgﬁlpm,@,g) 52 5m0 d&d@dg»@
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<vhexical nlay

L= ,;90;': NE C@%ﬁ‘

Y = 26N g

vy = $ 08O

general equation of a sphere i3
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cooltdurnally <

af origin:

-

/‘Tu

T
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i%* ern:
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fl‘ J.,m; gplt»wz-y?- drdy dx |||Iﬂt
1) e
b chomﬂt'vx B sphornical poloet coovdinabel.

a [ i 3 [2615-1¢ ]
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mc\d.c.“ﬂqu 4 oeasd |
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3
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‘d

2°dy 3 5

Example-  Evaluate I ﬂ 2 ¢zlydzz over the volume of the sphere CHy+7=) "Ilut
x + y + z GROUP OF INSTITUTIONS

Solution-  Here, we have _ Zdx dy di
I= 7. 1., .2 (1)
Xy 42

¢,z=rmsﬂ,dr:ah:d:ﬁ;sinﬁtﬁ'dﬁd@in(l]‘wcget

[The limits r, 0 and ¢ over the first octant of ¥ + yz +2=rare, J2:0, ; and 0, -:;' )

! n 3 4 g .
/= Ef f Lf fcns—fsmﬂdrdﬂdtb
y

aPuuingI=rsinBcﬂs¢,y=rsinﬂsin
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Example ‘mict

|

Evaluate the ntegral IJJ (¥+y"=2°) dv dy d taken over the volme

anclosed by esphere Y+ +7 =1,
Solution. Let us convert the grven tntegral tnto spherseal polar co-ordmates. By putting
x=rsnfeosd; y=rsmbsmg; z=reosd

H () H7) b ayd: = [ H j | I-;Jl?'z(r2 smfadd )

0 /0«
oI 1 1 Y '-51 4 1
Cail sods[ =l o[ s0dbl =] =l dofcostl <
- d¢j0 smedajop dr-.[o d¢josmede 5]0 : sju di[- o] - Sju i
. H
E §(¢)0 . Al it



Practice questions

Quet Eveduads by C"”’“Zﬁ‘”z the vesu ables

S{(zw)ldxd)a Aoheke R 4 fhe ?&e%*b’\ L0 Unded
by the Linest awyso ,¥+Y=2, 32-2Y=0, 3x-2y4 =13
[2012-147, [2020-24")

Quet: Evaluode g_((wd)“exp (tY)dadyy ,WheRL
R |4 the Squart in the -y plane weith verkica
at C0),(2,1) , Qp2) £06/1) . ro012-12)
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(Qyes* T4 dhe volme O an object expested
'n the cphertcad coordinates QAA rfouemmg

. T A ; -
\I= S:r Xo SO &Q‘ngb A/ch}%dco . Svalmade

the value C\‘;€ \/. [zo\g,ﬁr.y.]
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(Multivariate Calculus-I)
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Gamma Function and
Beta Function




Gamma Function

[fnis positive, then the efinite integral j e x™! dy, which is a function of m, is called the
u

Gamma function (or Eulerian integral of second kind) and is denoted by T (n). Thus

o8]

[(n)= J et =1 dy n> )
0

Inparticular, T(1) = Jﬂ etdr=|-e"| =1,




Some Basic Formulae "I|ut

l . ‘ I"(r2 ;- 1 ) = r1 ]“( rz) ‘ GROUP OF INSTITUTIONS

2 ['m+1) =n! |when n is a positive integer

3. If n is a positive fraction, then by repeated application of above formula, we get

[(n) = (n — 1)(n - 2) x go on decreasing by 1 ......

the series of factors heing continued so long as the factors remain positive, multiplied by I (last factor)
()33 2(2)
4 4 4

O



mict

We know that [n =J:fHE"‘dx 1)
(i) Replace x by £ 3, so that dx = k dy; then (1) becomes

. n
-ky o=l -
J, € =

(i} Puotting e*=yp, sothat— e dx =dyand -x=logy, x = lng , (1) becomes
Y

4
1 | LB
[ foy) 02 i,
0000
000

g
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l
Example . Evaluate FE

——

Solution, [n+1=nn

-l'l'l-'-'l“— - |E:-l-l = 1‘[:—1-l — -1=-2\/i Ans,
) 21 2 2 212 21 2 )




Beta Function lllll!t

GROUP OF INSTITUTIONS

LR T a - 1
[ m, n are positive, then the definite integral J £ 1(1 = 2 dv which 1 a funetion of
)

m and n, 13 called the Beta Function (or Bulerian integral of first kind) and is denoted by
Bm, ). Thus,

e
— =1 -1
B(m,nJ-Lx”‘ (1-%)""dx,m>0,n >0,
Note
. Beta function is a symmetric function. i.e. B(m,n) = B(n,m), wherem > 0,n > 0 :::.
1
o0



Transformations of Beta Function ||||Qt

m-1
(1) = de
Proof. B(m, n) = J’lxm-l (1 -2y~ dx Put x= i b
' 0 1+ (1+y)2 Y
0 1 1 n-l _i 1
- - d
.[., (1+y)™1 (1 1+y) {(1+y)2} Y
n-1 a n-1
= y - Y
= dy = —r ¢ |
jO A+N™ 1A+ )" A+ y)? 4 IO (147t @
n-1
_ =
B(m, n) = 0 Tro
xm—l
B(n, m) = — dx
0 (14 x)™n 000
But B(m, n) =B(n, m) ::::
e - 000
B(n, n) = - o0

0 (L+x)™" 4
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GROUP OF INSTITUTIONS

2
) B(m, n)=2 J.: sin“m-1§ cog?-1 § d
1
Proof.  f(m, n)= Jﬂ 1 (1- )L dy Put x=sin%f

. dx=2sinBcoshdb

2 ,
= -[u sin“"29) (1- sin? 6)*~! - sin § cos §

m2
=2j sin?™-1 9 cos 2471 §
0



SYMMETRY OF BETA FUNCTION l.e., i(m, ) = (s, m)

B, 1) = f n-Ly_ gLy, m> 0,050

Since J (x)dx = L fla-

J'l I L | J “L(1-2)™" de=Pln, m)
B )

Hence, ﬁ(m, n) =B(n, m).

m . D t
GROUP OF INSTITUTIONS



| RELATION BETWEEN BETA AND GAMMA FUNCTIONS |

_ I'm)rin) [AK.T.U. 2018, 2018, 2024]
flm, n) = -
m+n)

Method-| to Prove Relation

In)=4 L ol gy

e[ ere gl

Mulilying both idesby 2! ypo oo
N et omde [ oy . eoeos
l(n) (" 'Jo 0r ‘3“"(!" 'z”"ldx:]o z""""]c':“”},\""ld.\‘ :.
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[ntegraling both sides w.r.t. 2 from 0 to e, we get

]“(n) Jm o zm-l dz= L” xu..l ‘J" e-z(lﬂt} zm-m-l dz} dx

0

Y
R

e oa =l dy
- n-1 -y, 14 A g
= nlm= Jo < L ¢ 142y (L4 x)} ;

where z(1 + %) =) 80 that dz= 7, ¢

. Jm xﬁ"l {Jwe_y ym.Hl-l dy}dx
- 0 (1 +x)m'l-n 0

2L ) =T n) B )

-

D (1 + x)m-m
ceeo
T(m)T(n) 444

Bm, W)= T ) it

s



Method-Il to Prove Relation

We know that [{m)= J: et gL gy

Putting ¢ = % 50 that dt = 2 dy

[{m)=2 J‘u— E"‘E ylm-1 7.

Similarly, Tin) =2 I|"' E_:fﬂ :H?ﬂ_l dy

=4J'ﬂ Jﬂ' el 31 ey

A1)
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Changing to polar co-ordinates, we have
i Py =4 [ [ ' oo™ gsin™
0

il2
ey [ o pliminH -1 0 gin® i ol2)
4§ J dr: J‘ﬂ o3 HEl

_[ j El.r.'l tal-1 dr] [ I‘ln‘ﬂ mslﬂl-l ﬂsinlrl-l H‘dﬁ]
2 b

m'HL] mm' | Using (2)of 4.15

fﬂ!]rfﬂ-f 000

e, | )= ) H
o0




Some Important Results lllll!'[

GROUP OF INSTITUTIONS

. n/2 m i [ 2 ) ( )
(|) -[0 SIn" 0 cos™ 6 dO = e
( ]

@M X __ gr=—T"_ where 0 <n < 1,
0 1+x sin ni -
then \
I'nl'(l1-n)=—
sin nm
o000
0000
0000
000



Example  Prove that [%

I
Solution. Putting » = — in result of example 22, we obtain

=

J

o

|8

E-‘
A alm

Proved.

Mmiet
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DUPLICATION FORMULA

GROUP OF INSTITUTIONS

0
I’ (m) 1_' [m + -—} = n .
2 )" @ ['(2m) where m ig positive, ~ANM.T.U. 2013;

Proof. We have

e L O
J-o sin®"~1g cog2n-1¢ do = M
2T(m + n) (1)

1.
=3 m (1), we obtain

/2
« 2m-1 r
L sin®*~1g gg - _T(m)Jm

Putting2n —1=0 oy

2 l_’(m + l) (2)
: . ) 2
Again putting n = m in equation (1), we obtain YY)
J‘“’z . Om-1 2 2 est
: sin 6 cos "“%d@:% oot

2 r(2m) ¢



/2 » 2
___.1_-—— 5 (2 sin O cos 0)2" 1 4o = (T'm)
g2m=1 Jo 2 I'(2m)
/2 " : (Fm)2
20)*m 1. 240 =
oam -[: (min ) 21(2m)

Putting 26 = ¢ sO that 2 d6 = d¢, this reduces to

N R - (r m)2
Jo s DRR = 2T (2m)

L S | _ (rm)z
J. sin b do = NS

22m

22)77.
Replacing ¢ by 6, we finally obtain

/2 22m—1 (rm)z
-_2m-—1 =
J:) sin 0 do ST @D

From (2) and (3), we get
rem)ve 22"t @m)?

( 1) - 21(2m)
2 L 4 —
2
- () r‘(m + —:zl—) 22m_ '(2m)

(3)
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Home Work

Prove the following problems:

1 TETE)

roy =@V (AKT.U. 2017)
3

2 r{—-g—)=§ﬁ

B(p,g+1) B(p+1,9) B(p,q)
3 - - = p+q,(p>0,q>0)

4 Bmn)=Fm+1,n)+Bmn+1),form=>0n=>0

Mmiet
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unit IV
(Multivariate Calculus-I)
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Problems Based Upon
Beta & Gamma
Functions




Gamma Function

[fnis positive, then the efinite integral j e x™! dy, which is a function of m, is called the
u

Gamma function (or Eulerian integral of second kind) and is denoted by T (n). Thus

o8]

[(n)= J et =1 dy n> )
0

Inparticular, T(1) = Jﬂ etdr=|-e"| =1,




Beta Function llllﬂt

GROUP OF INSTITI.ITIONS

iy i 1
I m, n are positive, then the definite Integral J (™11 = gyl dx, which 15 a function of
0

m and n, is called the Beta Function (or Eulerian integral of first kind) and is denoted by
ﬁ(m. ) Thuqt

|
B(m, n) = J -2 e, m> 0,020,

|
Note
. Beta function is a symmetric function. i.e. B(m,n) = B(n,m), wherem > 0,n > 0 :::.
Ty
0000



\ min¢
Using Beta and Gamma functions, evaluate: .

(2) j.:xﬂ‘f e"‘/;dx

WAL
(ii) J ,.,J dx  (AK.T.U. 2014, 2018)
0\ 1—x
1 5 3 110
(uz)J x5 (1= x% )10 gy 2.
0 h coes



(z) Let I = Jm::x: V4 o—VJx i
0

Putyy=y = r=y%sothatdy = 2y dy then equation (1) becomes

I: J yl - e b ..)a}" d}p - ZJ () . ‘V/ dy
i

0

. 2[:;@‘-‘ y " iy =0T (/) | By definition

3
_2_ 1= \f - T+ D =nT(n)

Ul



1) Lt [2 Ju - dy Al Dt

| | 1 o .
Putgd=y o oo 5o thatdx=§y dy then equation (1) hecomes

340
BT o B
3 T4/ ) soee



Jn_ T(5/6) - [(5/6)T(1/6) 1(2/3)

§ Togg  TWEITAMITER
Al
LT
R
-\ e .t ot
S osin

— [(2/3)
i
[(1/6)

(iii) Solution is similar as (ii) o



Fuvaluate: "Iint

GROUP OF INSTITUTIONS

S o
o 'I'.f— ',|'
L = T dr  (M.T.U. 2013]

S Y

8 14

Sol.(i)) I=[ —Z% Y
Ly 1=f ol g

"9 .(’ -
J' X 1 oo x 15-1
— dx — ‘ X

1+ x (1+x)15+9
= B(9, 15) — B(15, 9) = O see



Mmiet

GROUP OF INSTITUTIONS

(G.B.T.U. 2011)

Ix = 29 db
(X 2\/1;&1—n§ sec” 6
/4 1 S€C2 () YY)
1= | - 4 e
sect 2. /tan 6 434



_l /4 do __l n/4 AL . a
-G [ g a0 | gt

6 COS e Z ) \/ S i n 2 (_) GROUP OF INSTITUTIONS

dt
Put 20=% .. de:?
Pt V2 dt
= 2\/5 ({ S11 - Al
r[(‘”z”ljro“”}
1 2 2 ) 1 TWwara/m)
2./2 2r{ 1/22+0+2] 4.2 [(3/4)
: \2 2
_Vm . T4 Jnoraup | L rl
2 T/ T3/4) 45 [ n el 4
sin 7[/4] -
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Example
GROUP OF INSTITI.ITIONS
5 . L 1 S (LLP.T.U. 2014
Prove the fol fotoing _[ =X J. Jsin B do =
S Jsin@ o

ma s, Wk s :
— rfJ Jsin 8 o6
4 Jsin® i

Proof: We have

nfe
= — L II“I
- j sin” "* Beos” 640 « -l-F sin? @ cog? B b

(1]
f[— 34+ 1" ) |
l.l y |rn+1 [l '0+1]
2 2 )
= _ 140 Y
2"( ~+‘ Y82 2l-2+~()0—)
{ 2 J 2

n,‘:n'rpxﬂi”r‘ﬁ F(%)‘/’?x—‘[—;—=n
S 2nd 2T irQ -




Example "Ilnt

GROUP OF | S TUTIONS

Prove that.

lfl I'n I
ﬂfl Lt - BFS + ., nt |_-'hfl|l' +m +n. p.' “Fi'i' nip
' Td+m+n + p)

Proof:

LHS = B, m) - Bl + m, n)- Bl +m+n, p)

ilm T +m). 'n T+m+nTp
“|'+||'FJ'|' ﬂ,l‘.r'|'.l'H+nl|- |':-|r"|”1'|!'ﬂ+l|!j|‘

__Ffrlml"nlp voo
Ut +m +n+ p) = RHS 5555'



Home Work

Show the following:

1 I Jtan e de = J Jeot 6 do = -
i f f

| N
W =

= v T 4+ x? ) 1
,  [Edesh) L
K] (1 <+ X! b UL

27

2
s of - O 3
0

4 . x2 dx fl‘ dx P
0 (1__ x4)1/2X 0 (1+ x4)1/2 4\]2

<) Bmn)=Fm+1,n)+Bmn+1),form=>0n=>0

Mmiet

GROUP OF INSTITUTIONS



unit IV
(Multivariate Calculus-I)
L-35
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DIRICHLET’S
INTEGRAL




DIRICHLET’S INTEGRAL | Mlilt

GOOS TIONS

If V is a region bounded by x 20, y 20 and x + y + z < 1, then
-”J -1, = La-1g, dy d’*—(]) (”,l,)‘ (m)

[+m+n+1)

Thisintegral is known as Dirichlet’s integral This

is an important integral useful in evaluating multiplessse
Integrals. ::‘



rJ
[

(2]

"
U

Example | . Find the volume of the ellipsoid x’ + ‘l, o+ =z = 1 't
&= B et
Sol. The volume in the positive octant will be »
ITUTIONS
V “dedydz .
2oy 22
For points within positive octant, —+ 2 +— <L
at b ¢t
2
Put x_2=uorr-a,/—,y-b\/_ = cJw,
a
g = h = & =
dx= —u 2 du,dy= —v 2 dv,dz= —w ? dw
2 2 2
abe roe (31) (371), (31
V= —J'”u 2 )02 Jw'? Jdudvdw,where u+ v+ w <1
8 N
1 1 1
B abc_ (5) I(E) I [3)
8 ‘ [l-l- 2 - = L +lJ
2 22
3
abc (‘/E) _ mabc
- 8 31 6 °
272V S
900
0000
mabc 4 0000
Total volume = 8 x = —mabc. 000
6 3 o0



~

Example2. The plane ;+ y = 1 meets the axis in A, B and C. Apply Dritchlet’s integral

b ¢
to find the volume of the tetrahedran OABC. Also find its mass if the density at any point is kxyz.

Sol.Letf-u,%-v % =w,then u20, 220, w20and u+ v+ w<l
Also, dx = a du, dy = b dv, dz = ¢ dw.

Volume OABC = ||| dvdyd

H Dabcdudvdw, where n+ 0+ w <1

abcﬂj 5‘1-101—1 w'du dr dw

bel D1 () [(1) _abe _abe
- |(1+1+1+1) 3! 6

Mass = Hjn kxyz dx dy dz = j -Uo‘k (au)(bo)(cw) abe du dv dw

= kazbzczjjj w o ' du dv dw

kazbz 2 I—rr 9 2 21'1'1' kdzbzcz.

(2+2+2+1) 6! 720




Example 3 Find the volume of the solid surrounded by the surface

(x)2/3 +(y)2/3 (2)2/3
— < o -
a b c >

2/3
x
Sol. Let (ZJ =U = x=qud? 5 il 370u1/2 i
; )28 _ i
(EJ =v = y= bv3/2 - | dy = 7 vl/2 duv
s 2\2/3 ; 5
(—) =w = z=cw? . dz=2SwY? dw
g 2
For the positive octant,
x>0 = au®*2>0 — u>0
y=0 = bv¥220 = v=20
220 = cw®2=0 = w=0
Then,wehaveu+u+w=1,u_>_0,u20,w.>_0.
Required volume = 8-”] dx dy dz
3a vz 3b Gus e am g g
= 8”] 2 u dv dw
3
—-1 21 Sy
= 27 abc J:” u? "w? " dudvdw _
3 3 3
r(é‘)r(é‘)r(i) _ 4nabe
=27 abc v 11 - 35
r(—z—

(U.P.T.U. 2008)

”t

rIONS



Example 3 . Find the mass of an octant of the ellipsoid — + = -

any point being p = kxyvz.

Solution. Mass

| , > 22

Putting = iy TeEl

- h- o

Qxdy 2 ydy

s0 that — = (. —
(- b+

Mass

‘L" "| L Sl

a b {”

a -

[1]pav-

k[T ey () e

[ Jl (kxvz)dvdyd:

wand g+v4+w = 1

T f_
‘—'-‘viﬁ.
= dv, — = (w
2
- R lI-" = "\_ lI-" . .
"\“_[ asdu\ [0 dv (e dw!
1l 3 3 9
Y . TR A TR
iy 3 5
katre 1101
e e dit dv dw y Ly 4w <
: ltdvdw where wu+v4+w=l
L L * w
kad b e oo
—a ==Ly =1 i v dwe
= & | 8]
_ka b |_l

1 ka b
1

1
8 (34 § %0

5] 5] 3
kR

48

density at

Ans.

TIONS
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x y Z 1ONS
Example4 The plane = + b + = I meets the axes in A, B and C. Apply Dirichlet's
integral to find the volume of the tetrahedron OABC. Also find its mass if the density at any
point is kxyz. (AK.T.U. 2012, 2018)

Sol.Put£=u,%=v,i=w,thenu20, p20,w20andu+v+w<l.
a ¢

Also, dx=a du,dy =b dv,dz = ¢ dw.
Volume OABC = .] jD dx dy dz

ﬂn abe du dvdw, whereu +v+w<1

abe mu- w0t w' dudvdw

rrmra  abe abe

‘Ta+ie1+eD 31 6 .




m . n t
GROUP OF INSTITUTIONS

Mass = mn hayz dx dy dz = m” haw) (bv) (ew) abe du dv dw

= ha'b'e my d o wt dudo du

[T g0l l' ha*h°c”
- ha*be
19424241 b! 0

222




Home Work miét

2 2 2
1. Evaluate “I xyz dx dy dz for all positive value of variables of ellipsoid x2 + Zz +—=1
a

2. Evaluate H _[ (ax? +by* +cz*) dx dy dz where V is the region bounded by x? + y* + 2> < 1.
Vv

3. Compute ”lxz dx dy dz over valume of tetraheron bounded by x = 0, y = 0, z = 0 and

TL¥.7

a b ¢

4. Evaluate J. szyz dx dy dz throughout the volume bounded by planes x = 0,y =0,z = 0 and

£,0.2
a b ¢



ANSWERS miét

- ﬂZbZEZ
48
mwia + b + ¢)
< 30
= b o
&0
Sp 2 X
- a"bTe
2520 YY)
0000
0000
000



Unit IV

(Multivariate Calculus-I) mmt

LIOUVILLE'SEXTENSION
OF DIRICHLET’S
INTEGRAL




DIRICHLET’S INTEGRAL | Mlilt

GOOS TIONS

If V is a region bounded by x 20, y 20 and x + y + z < 1, then
-”J -1, = La-1g, dy d’*—(]) (”,l,)‘ (m)

[+m+n+1)

Thisintegral is known as Dirichlet’s integral This

is an important integral useful in evaluating multiplessse
Integrals. ::‘



Mmiet

GROUP OF INSTITUTIONS

LIOUVILLE’S EXTENSION OF DIRICHLET THEOREM

If the variables x, y, z are all positive such that h (<@+y+2)<hy then

J-‘Uf(x+y+z)xl—1ym—lzn—1dx dy B = r(l) r(m) F(n) J‘h'lf(u) ul+m+n-1 du.
Il+m+n) /i
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GROUP OF INSTITUTIONS

Example 1. Evaluate j” log(x + y + z) dx dy dz, the integral extending over all positive

and zero values of x, y, z subject tox +y +2 < 1.
Sol. 0<x+y+2<1

3 I”lng(x+y+z)dxdydz=ﬂj. b 1 - 110g(x+y+z)dxdydz

TATATA) (1 34941
S Ltm ogt dt - | By Liouville’s extension

_ )
1, (e, Y af 1| 1] 1f8)| 1
=—|t'logtdt==|| — I ) it | fr e
2L 0g 2“31@} Ls dt} S 3{3 F

0




dx dy dz 5 . .
Example . Show that _[” ) _"F og 2-——, the integral being taken

(x+y+z+1)° 2 16’
throughout the volume bounded by planes x=0, y=0,z=0 andx+y+z=1
Sol. 0<x+y+z<1

1-1,1-1_1-1
I-[J{xfjfyzizl)g B ”'[ ($+yy+z‘j- 1)3 e

: r(yra)ra) J‘l 1 3 11411 g
F1+1+1) Jo(u+1)

101 ?®

2Jo(y+1)°

du | By Liouville’s extension
Put u + 1 =t sothat du = dt

2 (¢ ~ 1) 1p2(t*-2t+1
Required integral = 1ray—1 dt ZEL [———J dt

B2 |
n

s

T
(nh]

B3| =
L 3
—_— 2
Bua
™=
~

Mmiet

GROUP OF INSTITUTIONS



Example  Find the value of j” log (x + y + 2) dx dy dz the integral extending over all mlgt

positive and zero values of x, y, z subject fo the condition x +y + 2 < I,

Solution. By Liouville's theorem when 0 < x + y + 2 < |
”I log (x +y +2) dy dy dz
D

= [[[ tog ey 22"y e dy e = j logu™*™** du

[+141°0
: .l
1 | 4 ]. hll! I I 1
= =| u'logudi=—|logu| —|-——| =—|-=|=-—
e v gf]aa Jﬁ]lﬂ "
" - :::o
0000



Home work mmt

P q r
1. Find the mass of a solid (E) + [%J - (E] =1, the density at any point being p = kx/-! ym-1
a e
2"1 where x, y, z are all positive.
2 g2 2
2. Find the mass of the region bounded by ellipsoid — + 7 +— = 1if the density varies as the
@ C

square of the distance from the centre. [Hint. p = k(x* + y* + 27|

dx dy dz _nz
‘Jl—IZ—'_’}TE-—ZE

the variables for which the expression is real.

3. Prove that j“ , the integral being extended to all positive values of

.2
4. Evaluate jﬂ 5 dx dy dz, integral being taken over all positive
I+x +y +z

values of x, ¥, z such that x*> + % + 22 < 1.



